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Coherence of a quantum state intrinsically depends on the choice of the reference basis. A natural question
to ask is the following: if we use two or more incompatible reference bases, can there be some trade-off relation
between the coherence measures in different reference bases? We show that the quantum coherence of a state as
quantified by the relative entropy of coherence in two or more noncommuting reference bases respects uncer-
tainty like relations for a given state of single and bipartite quantum systems. In the case of bipartite systems,
we find that the presence of entanglement may tighten the above relation. Further, we find an upper bound
on the sum of the relative entropies of coherence of bipartite quantum states in two noncommuting reference
bases. Moreover, we provide an upper bound on the absolute value of the difference of the relative entropies of
coherence calculated with respect to two incompatible bases.
I. INTRODUCTION
The linearity of quantum mechanics gives rise to the con-
cept of superposition of quantum states of a quantum system
and is one of the characteristic properties that makes a clear
distinction between the ways a classical and a quantum sys-
tem can behave. Recently, there has been a considerable effort
devoted towards quantifying quantum superposition (quan-
tum coherence) from a resource theoretic perspective [1–31].
Also, quantum coherence has been deemed to play a key role
in the emerging fields such as quantum thermodynamics [32–
42] and quantum biology [43–49]. This makes the advance-
ment of a quantitative framework for coherence even more
desirable. In particular, a resource theory of coherence, devel-
oped in Ref. [2], provides a set of conditions on a real valued
function of quantum states for it to be a bona fide quantifier of
quantum coherence. This resource theory is based on the set
of incoherent operations as the free operations and the set of
incoherent states as the set of free states. The set of incoherent
states and the set of incoherent operations depend crucially on
the choice of basis—the reference basis—and it is determined
by the experimental situation at hand. Therefore, the quan-
tification of quantum coherence intrinsically depends on the
basis that we choose to define the incoherent states and inco-
herent operations. This seems very unsettling as any physical
quantity should not depend on some arbitrary choice of ba-
sis. However, the choice of basis is provided naturally by the
experimental situation at hand.
Uncertainty relations play an important role in foundations
of quantum mechanics as well as in quantum information sci-
ence. After the discovery of the Heisenberg uncertainty prin-
ciple [50, 51], Robertson and Schrödinger proved the uncer-
tainty relations for two incompatible observables [52, 53]. Re-
cently, two stronger uncertainty relations are proved which go
beyond the Robertson-Schrödinger uncertainty relation [54].
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Undoubtedly, uncertainty relations continue to play pivotal
role in quantum theory as well as quantum information sci-
ence [55]. In addition to the variance based uncertainty re-
lation, there are entropic uncertainty relations [56–60] which
capture the notion of uncertainty for two incompatible observ-
ables. Entropic uncertainty relations prove to be of fundamen-
tal and practical importance in quantum information.
In this work, we explore how the coherence of a given quan-
tum state in one reference basis is restricted by the coherence
of the same quantum state in other reference bases for sin-
gle and bipartite quantum systems. For single quantum sys-
tems, the trade-offs between the coherences with respect to
the mutually unbiased bases (MUBs) have been obtained in
Ref. [16]. Moreover, the exact complementarity relation for
the l1 norm of coherence [2] of qubit systems with respect
to three MUBs is also obtained in Ref. [16]. Here, we go
beyond the restriction of the reference bases being MUBs to
any set of incompatible bases. Also, we focus on the trade-off
relations for bipartite quantum systems and the role of entan-
glement in these relations. In particular, we provide lower and
upper bounds on the sum of the relative entropies of coher-
ence of a given state with respect to two or more incompatible
bases. The lower bounds on the sum of the relative entropies
of coherence for single and bipartite quantum systems are fa-
cilitated through the use of entropic uncertainty relations with
and without memory effects. Thus, entropic uncertainty rela-
tions may be viewed as restrictions on coherence of a quantum
system in two incompatible bases. For bipartite quantum sys-
tems, we find an upper bound on the sum of the relative en-
tropies of coherence via Lewenstein-Sanpera decomposition
[61] of bipartite quantum states. We then show that this upper
bound can be tightened. We also provide a non trivial upper
bound on the absolute value of the differences between the
relative entropy of coherence obtained in two different bases.
Let us formally introduce the measures of coherence in the
framework of resource theory, that is based on the set of in-
coherent operations and incoherent states. First we fix a ref-
erence basis and choose it to be the computational basis {|i〉}
(without loss of any generality). A maximally coherent state
in this basis is given by |ψd〉 = 1√d
∑d−1
i=0 |i〉 as any other state
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2can be created from |ψd〉 using only the set of incoherent op-
erations. Also, the coherence of this state naturally provide
a reference to gauge the coherence of other quantum states.
The set of all the states of the form ρI =
∑
i di|i〉〈i|, where
di ≥ 0 and ∑i di = 1, forms the set I of all incoherent states.
Any quantum state that does not belong to the set I will be
called a coherent state and will act as a resource. In quantum
theory, a physical operation is represented by a completely
positive trace preserving (CPTP) map. Any CPTP map can
be expressed in terms of a set of Kraus operators {Mk} such
that the state ρ of the system is transformed to ρ → ∑k pkρk,
where ρk = MkρM
†
k/pk and pk = Tr[MkρM
†
k ]. An operator is
said to be an incoherent operator if it maps diagonal states to
some other diagonal states in the reference basis. Any quan-
tum channel whose Kraus elements are the incoherent opera-
tors for a reference basis is said to be an incoherent channel
(ICPTP map) and such an ICPTP map ΛI satisfies ΛI[I] ⊆ I.
In the following, we list the conditions for a real valued func-
tion of quantum states that make the function a bona fide mea-
sure of quantum coherence. Following Ref. [2], a function on
the quantum state C(i)(ρ) (the superscript i is used to denote
the reference basis) is said to be a valid measure of quantum
coherence of the state ρ if it satisfies following conditions:
(1) C(i)(ρ) = 0 iff ρ ∈ I. (2) C(i)(ρ) is non increasing un-
der the incoherent operations, i.e., for any incoherent chan-
nel denoted by ΛI , we have C(i)(ΛI[ρ]) ≤ C(i)(ρ). (3) C(i)(ρ)
decreases on an average under the selective incoherent oper-
ations, i.e.,
∑
k pkC(i)(ρk) ≤ C(i)(ρ), where ρk = MkρM†k/pk,
pk = Tr[MkρM
†
k ] and Mk are the Kraus elements of an inco-
herent channel. (4) C(i)(ρ) is a convex function of quantum
states, i.e., C(i)(
∑
k pkρk) ≤ ∑k pkC(i)(ρk). It may be noted that
the conditions (3) and (4) together imply condition (2). The
bona fide measures of coherence include the relative entropy
of coherence, the l1 norm of coherence [2], the coherence of
formation and the distillable coherence [7]. In this work, we
will work only with the relative entropy of coherence, which
for a density matrix ρ and a reference basis {|i〉}, is defined as
C(i)(ρ) = S (ρ(i)d ) − S (ρ) (1)
where S (ρ) = −Tr[ρ log ρ] is the von Neumann entropy. Here
and in the rest of the paper, all the logarithms are taken with
respect to base 2. The superscript i in C(i)(ρ) indicates that co-
herence is calculated in reference basis {|i〉}. If ρ is a pure den-
sity operator and ρ = |ψ〉 〈ψ|, then we have C(i)(ρ) = S (ρ(i)d ),
where ρ(i)d is the diagonal part of ρ = |ψ〉 〈ψ| in the basis {|i〉}.
II. UNCERTAINTY LIKE RELATION FOR QUANTUM
COHERENCE EXPRESSED IN TWO DIFFERENT
NON-COMMUTING BASES
Let us first consider the relation between the coherence of
a single d-level quantum system in a state ρ expressed in two
different non commuting bases. Let the sets P = {|i〉 〈i|} and
Q = {|a〉 〈a|} denote two non-commuting projective measure-
ments on the given quantum system. The state of the system
after the projective measurements by P and Q, is given, re-
spectively, by
ρP =
∑
i
pi|i〉〈i| and (2)
ρQ =
∑
a
qa|a〉〈a| (3)
where pi = 〈i| ρ |i〉 and qa = 〈a| ρ |a〉. Now the entropic uncer-
tainty relation [58, 59] for these two measurements reads
H(P) + H(Q) ≥ −2 logC + S (ρ) (4)
where H(P) = −∑i pi log pi, H(Q) = −∑a qa log qa, S (ρ) =
−Tr[ρ log ρ] and C = maxi,a | 〈i| a〉|. Also, H(P) = S (ρ(i)d ) and
H(Q) = S (ρ(a)d ), where ρ
(i)
d and ρ
(a)
d are the diagonal parts of
the density matrix ρ in bases {|i〉} and {|a〉}, respectively. Now,
Equation (4) can be rewritten as
C(i)(ρ) +C(a)(ρ) ≥ −2 logC − S (ρ) (5)
where C(i)(ρ) = S (ρ(i)d ) − S (ρ) and C(a)(ρ) = S (ρ(a)d ) − S (ρ)
are the coherences of the density matrix ρ in the bases {|i〉}
and {|a〉}, respectively. The above relation can be termed as
the uncertainty relation for the coherences of a density matrix
measured in two different (non-commuting) bases. Since the
coherence of a quantum system is a basis dependent notion,
above relation gives us insight about the coherences of a same
density matrix measured in two different bases.
Now let us consider a bipartite quantum system in a state
ρAB. Also, let ρB = TrA[ρAB] =
∑
µ λµ|µ〉〈µ|, where λµ are
the eigenvalues and |µ〉 are the eigenvectors of ρB. Con-
sider two projective measurements on the state ρAB, given by
PAB = {|i〉〈i| ⊗ |µ〉〈µ|} and QAB = {|a〉〈a| ⊗ |µ〉〈µ|}. Note that
these projective measurements do not disturb the density op-
erator ρB. The state of the bipartite system after the projective
measurements by PAB and QAB, is given, respectively, by
ρPR =
∑
i,µ
piµ|i〉〈i| ⊗ |µ〉〈µ| and (6)
ρQT =
∑
a,µ
qaµ|a〉〈a| ⊗ |µ〉〈µ| (7)
where piµ = 〈i, µ| ρAB |i, µ〉 and qaµ = 〈a, µ| ρAB |a, µ〉. Not-
ing that the projective measurements always increase entropy,
we have S (ρPR) ≥ S (ρPB) and similarly, S (ρQT ) ≥ S (ρQB).
Here, ρPB =
∑
i |i〉〈i| ⊗ IρAB|i〉〈i| ⊗ I and similarly ρQB =∑
a |a〉〈a| ⊗ IρAB|a〉〈a| ⊗ I. Also note that S (ρR) = S (ρT ) =
S (ρB). Therefore, H(P|R) ≥ H(P|B) and H(Q|T ) ≥ H(Q|B),
where H(X|Y) = S (ρXY ) − S (ρY ). This gives
H(P|R) + H(Q|T ) ≥ H(P|B) + H(Q|B)
≥ −2 logC + S (A|B) (8)
where the last inequality follows from entropic uncertainty re-
lation in the presence of memory, first given in the Ref. [59],
and C = maxi,a | 〈i| a〉|. Now H(P|R) = S (ρPR) − S (ρB) =
C(iµ)(ρAB) + S (ρAB) − S (ρB) = C(iµ)(ρAB) + S (A|B). Similarly,
3H(Q|T ) = C(aµ)(ρAB) + S (A|B). Therefore, Equation (8) be-
comes
C(iµ)(ρAB) +C(aµ)(ρAB) ≥ −2 logC − S (A|B) (9)
For pure bipartite entangled states S (A|B) is negative, and
hence the above uncertainty like relation for quantum coher-
ence is tightened. This is in contrast to the memory assisted
uncertainty relation, where entanglement reduces the uncer-
tainty. Therefore, in the presence of entanglement, quantum
coherence and entropic uncertainty relation seemingly behave
in opposite ways. The entropic uncertainty relation in the
presence of quantum memory has been improved in Ref. [62]
and using it, we have
H(P|R) + H(Q|T ) ≥ H(P|B) + H(Q|B)
≥ −2 logC + S (A|B) −max{0,D−J}
where D is quantum discord across AB partition [63–65] and
J is the classical correlation [63–65]. Therefore the Equation
(9) is improved to
C(iµ)(ρAB) +C(aµ)(ρAB) ≥ −2 logC − S (A|B) −max{0,D−J}
(10)
If D < J , the bound in Equation (10) becomes even more
tighter.
For a tripartite state ρABD, one may ask how does the entan-
glement across AB and AD affects the uncertainty like relation
for quantum coherence. Similar to Equation (9), one can have
a uncertainty like relation for quantum coherence for the den-
sity operator ρAD, which is given by
C(iν)(ρAD) +C(aν)(ρAD) ≥ −2 logC − S (A|D) (11)
It turns out that entanglement cannot tighten uncertainty like
relation for quantum coherence across AB and AD at the same
time. This is because, we have S (A|B) + S (A|D) ≥ 0 for any
tripartite quantum state, which follows from the strong sub-
additivity of the von Neumann entropy [66, 67]. This shows
that whenever we have S (A|B) < 0 , we have S (A|D) > 0.
This means that if one tightens the uncertainty like relation
for quantum coherence across AB partition, the uncertainty
like relation for quantum coherence across AD partition can-
not be improved despite the presence of entanglement in the
state ρABD.
III. UNCERTAINTY LIKE RELATION FOR QUANTUM
COHERENCE EXPRESSED IN MANY DIFFERENT
NON-COMMUTING BASES
Let us first consider a single d-level quantum system
in a state ρ. Let the sets P1 = {|i1〉 〈i1|} and P2 =
{|i2〉 〈i2|}, . . . , Pn = {|in〉 〈in|} denote n non-commuting projec-
tive measurements on the given quantum system. The state of
the system after the projective measurements by P1, . . . , Pn
is given, respectively, by ρP1 =
∑
i1 pi1 |i1〉〈i1|, . . . , ρPn =∑
in pin |in〉〈in|, where pi1 = 〈i1| ρ |i1〉 , . . . , pin = 〈in| ρ |in〉. Now
the entropic uncertainty relation [68] for multiple measure-
ments read
n∑
i=1
H(Pi) ≥ − log b + (n − 1)S (ρ) (12)
where H(Pk) = −∑ik pik log pik , (k = 1, . . . , n), S (ρ) =−Tr[ρ log ρ] and
b = max
in
 ∑
i2,.,in−1
max
i1
[c(i1, i2)]
n−1∏
k=2
c(ik, ik+1)
 (13)
where c(ik, jl) = |〈ik | jl〉|2. Also, H(Pk) = S (ρ(ik)d ) with k =
1, . . . , n, where ρ(ik)d are the diagonal parts of the density matrix
ρ in bases {|ik〉}. Now, Equation (12) can be rewritten as
n∑
k=1
S (ρ(ik)d ) ≥ − log b + (n − 1)S (ρ), or
n∑
k=1
C(ik)(ρ) ≥ − log b − S (ρ) (14)
whereC(ik)(ρ) = S (ρ(ik)d )−S (ρ) is the coherences of the density
matrix ρ in the {|ik〉} basis.
Now let us consider a bipartite quantum system in a state
ρAB, where ρB = TrA[ρAB] =
∑
µ λµ|µ〉〈µ|, and n projective
measurements on the state ρAB, given by PiAB = {|ik〉〈ik | ⊗|µ〉〈µ|} with k = 1, . . . , n. The state of the bipartite system
after the projective measurements by PkAB is given by
ρPkRk =
∑
ik ,µ
pikµ|ik〉〈ik | ⊗ |µ〉〈µ| (15)
where pikµ = 〈ik, µ| ρAB |ik, µ〉. Noting that the projective
measurements always increase entropy, we have S (ρPkRk ) ≥
S (ρPkB), with ρPkB =
∑
ik |ik〉〈ik | ⊗ IρAB|ik〉〈ik | ⊗ I. Also note
that S (ρRk ) = S (ρB). Therefore, H(Pk |Rk) ≥ H(Pk |B). Now,
n∑
k=1
H(Pk |Rk) ≥
n∑
k=1
H(Pk |B)
≥ − log b + (n − 1)S (A|B) (16)
where the last inequality follows from the many measure-
ment generalization of entropic uncertainty relation in pres-
ence of memory [59] and is obtained in Ref. [68], and b is
given by Equation (13). Now H(Pk |Rk) = S (ρPkRk ) − S (ρB) =
C(ikµ)(ρAB) + S (ρAB) − S (ρB) = C(ikµ)(ρAB) + S (A|B). There-
fore, Equation (16) becomes
n∑
k=1
C(ikµ)(ρAB) ≥ − log b − S (A|B) (17)
For bipartite pure entangled states, the above inequality is
tightened.
4IV. COMPLEMENTARITY LIKE RELATION FOR
QUANTUM COHERENCE FOR A BIPARTITE STATE
For a bipartite quantum system, there exists an optimal de-
composition of every density matrix ρAB of the bipartite sys-
tem, called as the Lewenstein-Sanpera (LS) decomposition,
in terms of a separable state and an entangled state [61, 69?
–71], i.e.,
ρAB = λρs + (1 − λ)ρe; λ ∈ [0, 1] (18)
where ρs is a separable state on the separable-entangled
boundary and ρe is an entangled state. The parameter λ is
taken to be optimal in the sense that any other decomposition
of the form λ′ρ′s + (1 − λ′)ρ′e with λ′ ∈ [0, 1] and ρs , ρ′s
necessarily implies λ′ < λ. For optimal λ, ρs is called the op-
timal separable approximation (OSA) of the state ρAB. For a
bipartite qubit system the optimal LS decomposition becomes
unique with the entangled part of the decomposition being a
pure entangled projector [61]. Using the concavity of the von
Neumann entropy, Equation (18) implies S (ρAB) ≥ λS (ρs).
Let us denote the quantum coherence of the bipartite state
ρAB in two different bases {|i j〉} and {|ab〉} as Ci j(ρAB) and
Cab(ρAB), respectively, then
Ci j(ρAB) +Cab(ρAB) = S (ρ
i j
d ) + S (ρ
ab
d ) − 2S (ρAB)
≤ 2 log dAdB − 2K(ρAB) (19)
where K(ρAB) = λS (ρs) + (1 − λ)S (ρe) and dA(B) being the
dimension of the system A(B). This tightens the trivial up-
per bound on the sum of coherences, namely 2 log dAdB. For
bipartite qubit systems, since the entangled part in the opti-
mal separable approximation becomes pure, K(ρAB) becomes
λS (ρs) and we have
Ci j(ρAB) +Cab(ρAB) ≤ 4 − 2λS (ρs) (20)
In the following, we provide some examples of optimal LS
decomposition and calculate the bound on the sum of the co-
herences in two different bases. Consider a 2⊗2 Bell diagonal
state
ρAB =
4∑
i=1
di |Bi〉 〈Bi| (21)
where |B1〉 = (|00〉 + |11〉)/
√
2, |B2〉 = (|00〉 − |11〉)/
√
2,
|B3〉 = (|01〉 + |10〉)/
√
2, |B4〉 = (|01〉 − |10〉)/
√
2 and {di}
is a probability vector. The optimal LS decomposition, ρAB =
λρs + (1 − λ)ρe of the above Bell diagonal state is obtained
for ρe = |B1〉 〈B1| and ρs = ∑4i=1 d′i |Bi〉 〈Bi| where d′1 = 1/2,
d′j = d j/λ ( j = 2, 3, 4) and λ = 1 − µ [70]. Here, µ is the con-
currence [72, 73] of the initial state ρAB. The quantity K(ρAB),
here, is given by (1−µ)2 log 2+(1−d1) log(1−µ)−
∑4
i=2 di log di.
For a specific example, take d1 = 0.6, d2 = 0.2, d3 = 0.1 = d4.
In this case µ = 0.2 and K(ρAB) = 1.4, where log is calculated
using base 2. Therefore, sum of the coherences for the Bell
diagonal state, given by above parameters, satisfy
Ci j(ρAB) +Cab(ρAB) ≤ 1.2 (22)
This bound gives a value which is well below the trivial bound
which is four. Another example that we consider is the case of
bipartite qutrit state which contains bound entanglement [74]
in it. The state is given by
ρ =
2
7
|ψ+〉〈ψ+| + γ7P+ +
5 − γ
7
P−; 2 ≤ γ ≤ 5 (23)
where |ψ+〉 = (|00〉 + |11〉 + |22〉)/
√
3, P+ = (|01〉 〈01| +
|12〉 〈12| + |20〉 〈20|)/3 and P− = (|10〉 〈10| + |21〉 〈21| +
|02〉 〈02|)/3. The optimal LS decomposition, ρ = λρs + (1 −
λρe) of the state ρ is obtained for ρe = 27 |ψ+〉〈ψ+| + 57P+,
ρs =
2
7 |ψ+〉〈ψ+|+ 37P+ + 27P− and λ = (5−γ)/2 [70]. The quan-
tity K(ρAB), here, is given by 0.8631 + 0.6935λ. Therefore,
sum of the coherences for the state ρ, satisfy
Ci j(ρAB) +Cab(ρAB) ≤ 2 log 9 − 2(0.8631 + 0.6935λ) (24)
The bound, Equation (19), can be tightened as follows. Let us
consider a bipartite state ρAB. Also, assume that the marginal
density matrix ρB for subsystem B is diagonal in the basis |µ〉,
i.e., ρB =
∑
µ dµ|µ〉〈µ|. Now let us consider a projective mea-
surement on the bipartite system in the basis {|i〉 ⊗ |µ〉}. The
state of the total system after the measurement, is given by
ρPR =
∑
i,µ
〈i, µ| ρAB |i, µ〉 |i, µ〉〈i, µ| (25)
The marginal density matrix ρR of the subsystem B after the
measurement is same as ρB. Now, H(P|R) = H(PR) − H(R) =
S (ρPR) − S (ρB) = C(iµ)(ρAB) + S (A|B). Therefore,
C(iµ)(ρAB) = H(P|R) − S (A|B) = H(P) − I(P : R) − S (A|B)
≤ H(P) − S (A|B)
≤ log dA − S (A|B) (26)
where dA is the dimension of the subsystem A. Now, if we
consider the projective measurement of the total system in the
basis {|a, µ〉}, we get
C(aµ)(ρAB) ≤ log dA − S (A|B) (27)
Therefore,
C(iµ)(ρAB) +C(aµ)(ρAB) ≤ 2 log dA − 2S (A|B) (28)
Again we consider the example of the Bell diag-
onal state ρAB =
∑4
i=1 di|Bi〉〈Bi|, where |B1〉 =
(|00〉 + |11〉)/√2, |B2〉 = (|01〉 + |10〉)/
√
2, |B3〉 =
(|01〉 − |10〉)/√2, and |B4〉 = (|00〉 + |11〉)/
√
2.
For d1 > 1/2, the optimal LS decomposition is given
by: λ = 2(1 − d1), ρe = |B1〉〈B1|, and
ρs =
4∑
i=1
d′i |Bi〉〈Bi| (29)
where d′1 = 1/2, d
′
j = d j/λ ( j = 2, 3, 4). Note that the previous
bound in Equation (19) is given by
2 log dAdB − λS (ρs)
= 4 − (1 − d1)(2 + log[1 − d1]) +
4∑
i=2
di log di (30)
5However, the bound in Equation (28) is given by
2 log dA − 2S (A|B) = 2 − 2S (ρAB) + 2S (B)
= 4 + 2
4∑
i=1
di log di (31)
For Bell diagonal states with d1 > 1/2, the new bound (Equa-
tion (28)) is always smaller than the bound (Equation (19))
(see also Figure 1).
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Figure 1. The plot shows the left hand and right hand sides of the
uncertainty like relations for quantum coherence, given by Equations
(19) and (28), for Bell diagonal states. It clearly shows that the bound
in Equation (28) is tighter than that in Equation (19). (a) d1 = 0.52,
d2 = 0.1; (b) d1 = 0.6, d2 = 0.05.
V. STATE DEPENDENT UPPER BOUND FOR
COHERENCE
One may ask that if diagonal parts of a density operator
in two different reference bases are close, does this mean the
closeness of coherences of the density operator in the given
two reference bases? Let us consider a quantum system in a
state ρ, with ρ(i)d being the diagonal part of the density matrix
in {|i〉} basis. For, ||ρ(i)d − ρ||1 = 2, with ||.||1 being the trace
norm, defined as ||M||1 = Tr
√
M†M, the Fannes-Audenaert
inequality [75, 76] implies
C(i)(ρ) = |S (ρ(i)d ) − S (ρ)| ≤  log(d − 1) + H() (32)
where d is the dimension of the Hilbert space of the quan-
tum system and H() is the binary entropy. Let the diagonal
part of the density matrix ρ in the basis {|a〉} be denoted by
ρ(a)d . For ||ρ(i)d − ρ(a)d ||1 = 2η, again using the Fannes-Audenaert
inequality [66, 75, 76], we have
|S (ρ(i)d ) − S (ρ(a)d )| ≤ η log(d − 1) + H(η) (33)
Note that S (ρ(i)d )−S (ρ(a)d ) = [S (ρ(i)d )−S (ρ)]−[S (ρ(a)d )−S (ρ)] =
C(i)(ρ) −C(a)(ρ). Now, Equation (33) implies
|C(i)(ρ) −C(a)(ρ)| ≤ η log(d − 1) + H(η) (34)
When η = ||ρ(i)d − ρ(a)d ||1/2 is small, i.e., the diagonal parts
of a quantum state in two different bases are close to each
other with respect to the trace distance, the relative entropies
of coherence of the state in these two bases are also close to
each other.
VI. SUMMARY
In quantum theory, uncertainty relation is a fundamental
consequence of superposition principle and incompatible na-
ture of observables. As quantum coherence is a basis depen-
dent notion, it is pertinent to ask if coherence respects some
kind of uncertainty relation for two or more incompatible
bases. In this paper, we have explored the interplay of the rela-
tive entropy of coherence of a quantum system in a given state
in two or more incompatible bases. We have proved trade-off
relations for the relative entropy of coherence in two or more
non-commuting bases for single and bipartite quantum sys-
tems. This shows that the relative entropies of coherence of
a quantum system in two or more incompatible bases are not
independent of one another. If, in one basis, the density ma-
trix shows a larger value of the relative entropy of coherence,
in another basis it may not show the same value. In the case
of bipartite states, the presence of entanglement tightens the
trade-off relation for the relative entropy of coherence. How-
ever, because of strong subadditivity of conditional entropy,
one cannot have tightened trade-off relations for quantum co-
herence measure across two different parties. Also, we have
proved complementarity like relations for the relative entropy
of coherence in two different bases. Moreover, we have pro-
vided an upper bound on the absolute value of the differences
of the relative entropy of coherence obtained in two different
bases.
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